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SAINT-VENANT PROBLEM FOR SOLIDS WITH HELICAL
RHOMBOHEDRAL ANISOTROPY. TENSION-TORSION PROBLEMS

K. A. Vatulyan and Yu. A. Ustinov UDC 539.3

By methods of homogeneous solutions and the spectral theory of operators, the construction of so-
lutions of the Saint-Venant problems of tension—torsion of a cylindrical tube with helical anisotropy
is reduced to integration of boundary-value problems for ordinary differential equations with variable
coefficients. The solutions are constructed by analytical and numerical methods. FElements of the
stiffness matriz and the stress-strain state are analyzed, depending on the problem parameter.

Key words: Saint- Venant problem, stiffness, helical anisotropy, sweep method.

The present paper describes the construction of solutions of the Saint-Venant problem of tension and torsion
of a cylinder possessing helical rhombohedral anisotropy. By methods of the spectral theory of operators [1-6], the
problems are reduced to integration of boundary-value problems for ordinary differential equations. An analytical
solution is obtained for a particular case of cylindrical rhombohedral anisotropy. The solutions of problems for a
cylinder with helical rhombohedral anisotropy are constructed by two methods: for small values of the dimensionless
parameter 79 = a7, where a is the cylinder radius and 7 is the “torsion” (characteristic of helical anisotropy), the
analytical solution is constructed by the method of the small parameter; for arbitrary values of 7, the solution is
obtained by means of numerical integration of appropriate boundary-value problems.

1. CONSTITUTIVE RELATIONS OF THE ELASTICITY THEORY
AND FORMULATION OF BOUNDARY-VALUE PROBLEMS

1.1. Formulation of the Problem. Let us consider a cylindrical solid occupying the volume V = S x [0, L]
(S is the cylinder cross section and L is its length). We denote the side surface by I' = 95 x [0, L], where 9.5 is the
boundary of the cross section S. We align the origin of the Cartesian coordinate system Oxjx2x3 with the geometric
center of gravity of one of the end faces of the cylinder and direct the Ox3 axis along the cylinder centerline. This
coordinate system will be called the basic coordinate system. To describe helical anisotropy, we introduce a helical
cylindrical coordinate system (r, 8, z) related to the basic coordinate system by the expressions

x1 =rcos (0 + 72), xo =7rsin (0 + 72), T3 = 2, (1.1)

where 7 = const.

The transition to the cylindrical coordinate system is made because the main attention will be paid below
to solving the problem of a cylinder with a ring-shaped cross section S = [r1,72] x [0,27] (r; and ro are the inner
and outer radii of the cylinder, respectively).

At r = const and 6 = const, relations (1.1) are parametric equations of the helical line, with 7 = 27 /h (h is
the helical pitch). The radius-vector of the points of the helical line is presented in the form

/! /
R =re] + ze3,

South Federal University, Rostov-on-Don 344006; vatulyan karina@mail.ru; ustinov@math.rsu.ru. Translated
from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, Vol. 51, No. 1, pp. 125-133, January—February, 2010. Original
article submitted March 12, 2008; revision submitted February 27, 2009.

106 0021-8944/10/5101-0106 (© 2010 Springer Science + Business Media, Inc.



where

el =e, =11cos (0 + 72) +igsin (0 + 72),

ey, =ep=—t1sin (0 + 72) + 4 cos (6 + 72), e; =e,,
1, are the orths of the basic coordinate system.
We relate the helical line to the natural basis (Frenet reference frame)
€ =Mn, eQZb; 63:t7

where n, b, and t are the orths of the principal normal, binormal, and tangential line, respectively. Using the
formulas
dR dt

ds ~ b ds:kn7 b=txm,

ds = gdz, ¢? =14+ 22, T =Tr,

where k = 72r/g? is the curvature of the helical line, and applying some transformations, we obtain an orthogonal
matrix of the transition from the basis e; to the basis e}:

-1 0 0
A=| 0 -1/g z/g
0 z/g 1/g

We assume that the cylinder material in the basis e; possesses rhombohedral symmetry. The relation between
the stresses and strains is written in the vector-matrix form [7]:

t t
o = Ck, o= (o1,...,06)", e=(e1,...,e6)". (1.2)

Here, we have
ci1 ci2 cs3 cq4 0
cr2 ci1 c3 —ci4 O
c—| s s css 0 0
ciy —ciy 0 cyg O
0 0 0 0 C44 Ci14
0 0 0 0 Ci4  Ce6

€1 =¢€11, €2 =¢€22, €3 =¢€33, €E4=2€34, E5=2€13, ¢Eg= 2¢c12,

01 =011, 02 =022, 03 =033, 04 =023, 05 =013, 06 =012,

€45 and o0y; are the components of the tensors of small strains and stresses, respectively.
Let us denote the stress vector, strain vector, and matrix of elasticity moduli in the basis of the helical
coordinate system e} by o, &', and C’, respectively. Hooke’s law acquires the form

o' =C'¢, C'=(c;) (i=1,...,6, j=1,...,6), (1.3)
where
/o o 2 2
Cj; = C11, Cig = (012 — 2c14% + c137 )/9 )
s = (c13 + 2c1a + 012582)/92; ¢y = [(c12 — c13)z — 014(x2 - 1)]/927

0/22 = [011 + 4dciax + (013 + 2044)2$2 + 033$4]/g4,
chs = [e13 — 2c147 + (c11 + c33 — deaa)w? + 2¢142° + 132 /g%,
hy = [—c14 — (€13 + 2c44 — c11)T + 3c140® — (€33 — 13 — 2¢a4)2°] /9",

Chs = [c33 + 2(c13 + 2¢44)2? — derga® + cnizt]/gt,
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Cyy = [—(c33 — c13 — 2cq4)T — 3ea? — (244 + 13 — 011)x3 + 614334]/94,
Chy = [caa — 2c147 + (—2¢13 + 11 + ¢33 — 2c44) % + 2c142% + 644334]/94,
;o 2\ /.2 o 21,2
55 = (Caa + 2c142 + co627) /g7, C6 = x[c1a — (Caa — co6)T — c1427] /97,

Che = (o6 — 2c142 + caq?) /6>
The following relation between different notations is used below:

/! /! !/ / / /
01 =0ppr, 09 =000, 03 =0zz, 04=0¢z, O5=0prz, 01 =070,

/ / / / / /
€1 =Err, &9 =Ego, E3=Ezz, Ey=2€0,, E5=2r:, Eg= 2.

The components of the strain tensor in the basis of the helical coordinate system are expressed via the
coordinates of the displacement vector u = (u,., ug,u,)* by the formulas

Epp = 87““1"; €90 = (ur + 80”9)/T7 Ezz = Du27
2e,9 = Orug + (Dpur — ug)/2, 2ep; = Opuy + Duy, (1.4)

2e,0 = Opu, + Duyg.
In this case, the equilibrium equations in stresses have the form

Op(royy) — ogg + Opore + Doy, =0,
Or(rorg) + oo + Ogoge + Doy, =0, (1.5)

Or(ro,,) + 0goe, + Do, = 0.
In Egs. (1.4) and (1.5), we have
0 0 0

a,’, = s = R = s D = — .
o P %o L
We assume that the side surface of the cylinder is free from stresses:
r=Ta (O‘ =1, 2): orr =0, opp=0, op,=0. (1.6)

1.2. Vector—Operator Form of the Problem. The problem posed can be presented in a vector—operator
form as

M0, 7)u = 0% Agu + 0A1u + Ayu = 0; (1.7)

N(a, T)u = (5Bou + Blu) - =0. (1.8)

Equations (1.7) and (1.8) are the equilibrium equations and the boundary conditions, where Ay and B; (k =0, 1,
and 2; ¢ = 0 and 1) are the matrix differential operators over the variables r and 6 of the zeroth, first, and second
orders. The particular form of the operators A and B; is not given here. We only note that, by virtue of Eqs.
(1.3), the coefficients of these operators depend on r and 7, but do not depend on z, which allows us to seek for the
solution in the form

u=ae’”.
As a result, we obtain a spectral problem on the cross section z = const
Mi(7)a = {M(7)a, N(v)a} = 0. (19)

According to the general theory of quadratic pencils of symmetric operators [8], the spectrum of the operator
M, () is discrete, has an accumulation point at infinity, and is located in the complex plane v = a+i( symmetrically
with respect to the real axis, i.e., at a # 0, any eigenvalue v} = vs = a5 +i8s (as > 0 and s > 0) corresponds to
three eigenvalues 7', = ag —iffs, 7o = —7s, and 7~ = —as —if,. It was shown [1, 3, 4] that 7o = 0 and 4F = +ir
are quadruple eigenvalues, and there are no purely imaginary eigenvalues except for vf[.
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The solution of problem (1.9) can be presented in the form [4]
U = us + Uy,
where ug is the Saint-Venant solution corresponding to the eigenvalues vy = 0 and ﬁt = +i7 and u,, is the solution
corresponding to the remaining part of the spectrum and having the form

w, =Y [Crug (2) + Gluf (== L), uf(2) = aff exp (17 2),
k

where C,f are arbitrary constants.

The solution ug in the “principal” solution, because it covers the entire area occupied by the cylinder; the
solution u,, is the “boundary layer,” because it is localized near the end faces of the cylinder z = 0, L and decreases
exponentially with distance from the end faces.

It should be noted that the stress state of the Saint-Venant solution in an arbitrary cross section z = const
in the integral meaning is equivalent to the principal vector and the principal moment of external forces applied to
one end face of the cylinder. The principal vector and the principal moment of stresses corresponding to all values
of uif (z) are equal to zero.

2. ELEMENTARY SAINT-VENANT SOLUTIONS
OF THE TENSION-TORSION PROBLEM

The Saint-Venant solution of the tension—torsion problem [3, 4] is a linear combination of elementary solutions
corresponding to the quadruple eigenvalue 79 = 0 and can be presented as

4
ug = E Xuy,
=1

ur =(0,0,1)",  wy=(0,1,0)",  wz=zui+az  us=zus+au,

t
as = (Grs,09,5,055)", s =3,4.

Here, as are the vector-functions whose coordinates depend on r and are determined by solving the boundary-value
problems given below, X; is a constant that has the meaning of displacement of the cylinder as a solid along the
Oz axis, X5 is a constant that has the meaning of the angle of rotation about the Oz axis, and X3 and X, are
constants whose mechanical meaning is explained below.

Let us consider the problem of determining the vector-functions as. Taking into account Egs. (1.3), we
determine the stresses corresponding to the vectors us:

ol =l + D),

da a da da a t
() (4o 0rs g ea dovs _a02) .
&s dr ' r 0, dr ’ dr r /)’ (2.1)
e =(0,0,1,0,0,0)",  &'” =(0,0,0,7,0,0)".

As the coordinates of the vectors o’ depend only on r, we use the equilibrium equations (1.5) and the boundary
conditions (1.6) to obtain

ar(ro'rr,s) —000,s = 0; Urr,s(ra) = 07
8T(T0'r9,s) + Orp,s = 0; UT@,S(TOL) = 07 (22)
8T(T0'rz,s) = 07 O.T’Z,S(TOL) = Oa

whence it follows that

Orf,s = Orz,s = 0.
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From these relations and Eqs. (2.1) for 0,9 s, 072,5, We obtain
ap,s = Xl,sr + XO,Sa Uy s = X2,s

(Xo,s, X1,5, and X5 , are arbitrary constants, which can be set equal to zero).
Substituting the relations for o,, s and ogg s from Egs. (2.1) into Egs. (2.2), we obtain the boundary-value
problems for determining a,. ¢

Zar,s = FS7 lans = fO¢7S7 (23)
where
d das das 1 das
Zas = i (rc’ll i +c’12as> — s g Chols, las = ¢}y i + oas,
d(rc]
s =3 Fs=— (drw) + s, fas = —ci3(ra),
d 2.
s =4: Fy=— (Td:M) + 7'01247 fa74 = _Tacll4(ra)'
Let us determine the constants X; (I =1,...,4). We assume that the end faces of the cylinder are subjected
to the boundary conditions
z=0: Up = Ug = U, = 0; (2.4)
z=L: Orz = Pr, 020 = Po, Ozz = Pz, (25)

where the functions p,, pg, and p, depend only on r.
We assume that the specified external stresses are equivalent to the tensile force P, and the torsion
moment M, :

T2 T2 T2 r2
27r/prrdr:0, 27r/p97“d7"=0, ZW/pzrdr:Pz, 27T/p97‘2d7"=Mz.
T1 T1 71 1
Obviously, we have
020 = X30z0,3 + X40'z0,47 Ozz = X3Uzz,3 + X4Uzz,4

[062.5, 0225 are determined from Egs. (2.1)]. Using these expressions to satisfy the boundary conditions (2.5) in the
integral meaning, we obtain

di1 X3+ di2 X4 = P, do1 X3 + do X4 = M.,

where
() T2
di1 = 277/7"02273 dr, dog = 271'/7“20,29,4 dr,
1 T1
792 T2
dia = 277/7"02274 dr = do = 277/7“20,29,3 dr.
T1 T1

According to [4], we can assume that X; = X2 = 0 under the boundary conditions (2.4) and /L < 1.
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3. METHODS OF CONSTRUCTING ELEMENTARY SAINT-VENANT SOLUTIONS
AND RESULTS OF THE NUMERICAL ANALYSIS

3.1. Method of the Small Parameter. First, we construct analytical solutions. We transform Eqs. (1.2)
and (1.3) by using the replacements r = ro€ and 79 = r97. Assuming that the dimensionless parameter is 79 < 1,
we expand ¢, into series with respect to 7. As a result, we obtain the following expressions for the principal terms
of these expansions:

¢ = i, o = c12 — 2¢1470€, g = c13 + 2¢1470&,
¢y = 14 + 10&(c12 — c13), Cho = €11 + 4c1470€,
chy = €13 — 2€1470§, hy = —c1a — T0&(C13 + 2c44 — c11), (3.1)
Cha = C33, chy = (—c33 + c13 + 2¢44) 06, Chy = Caq — 2¢1470€,

Cg5 = cq4 + 2c1470E, Cgﬁ = c1470&, 6236 = cg6 — 2€1470&.
The solution of the boundary-value problems (2.3) is sought in the form
ars =a® + a0V + ... . (3.2)

Substituting Egs. (3.1) and (3.2) into Egs. (2.3), applying some standard transformations, and integrating,
we obtain the problems

ar3 = _Vlg + O(Tg)a

1
Qrg = —Kor? + KlRZKOr + KoRyr + O(73),

where
2 2 2
' C13 C14 c11 + ci12 r{ +r3+rirs (rira)
v = 9 KO = 9 Kl = 5 Rl = 9 R2 = .
c11 + €12 C11 €11 — C12 1+ T2 1+ T2

Let us give the expressions for the principal terms of the stress tensor components:

0:23=FE' 4+ O(mn), 0923 = O(70),
0rg,1 = Orz1 =0, Orr3 = 0093 = O(T3),
Orra = Ko(er1 + c12)(—r — Ra /7> + R1) + O(70),
090,14 = Ko(c11 + c12)(—2r + Ra /7> + R1) + O(70),
0224 = Koc13(—3r 4+ 2R1) + O(1),

09z,4 = 7‘(644 — K0614) — 2K0K1014R2/r2 + O(TO).

Here E' = C33 — 21//613.

Remark 1. The principal terms of the formulas given above correspond to the solution of the problems of
tension and torsion of a cylinder with cylindrical rhombohedral anisotropy. These problems were solved in [9]. In us-
ing the semi-inverse method, however, Gorodtsov and Lisovenko [9] made some essential mistakes and, consequently,
obtained incorrect results. An attempt to correct these mistakes was made in [10].

3.2. Method of Numerical Integration of Boundary-Value Problems. To perform numerical inte-
gration, we present problem (2.3) in the form of a system of the first-order differential equations by introducing the
vector ys = (Y1,s,Y2,5)" with the coordinates

Y1,s = Qrs, Y2,s = rorr,s/cll~
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Fig. 1. Tensile stiffness D11 (a) and torsion stiffness Das (b) versus the parameter o for
a=0.1(1),0.4 (2), and 0.8 (3).

D1y

1.0+
0.8
0.6
0.4
0.24

—0.2+
—0.4+

Fig. 2. Dependence Di,(a) at a = 0.4.

Then, the boundary-value problems (2.3) can be written as

- Ays = (s, y2,s(7'o¢) =0, (33)
dr
where the elements of the matrix A and the coordinates of the vectors g5 have the form
/ /) /2 /
c 1 C11Co9 — C c
12 11C22 — €12 12
Apnp=— 77, App = Aoy = , ; Agpp = 7,
rehy rehy rehy rcl,
/ / / / / /
€13 ’ C12€13 TCl4 / C12€14
qQ,3=—, 42,3 = Co3 — , qi4a=— , 42,4 =T\ Coy — .
€11 1 €11 1

Numerical integration of the boundary-value problems (3.3) was performed by the sweep method. The solution of
problems (3.3) was sought in the form
Ys = Yo + Bsys,
where y? and y! are the solutions of the Cauchy problems
dy]
dr - Ayg =Ys, yg(/rl) = (070)t7

1

d'y
° Ay; _07 y;(/‘l)_(LO)tv
dr
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and the constants By are determined from the conditions

Y2,s(r2) = Byys o(r2) + 43 ,(r2) = 0

for the solutions to satisfy the boundary conditions at r = rs.

To conclude, we give some results of the numerical analysis of the problem. All calculations were performed
for a cylinder with rhombohedral anisotropy in the Frenet reference frame with the following values of the elasticity
moduli [11]: ¢1; = 86.8 - 10° Pa, ¢33 = 105.75 - 10° Pa, cq4q = 58.2 - 10° Pa, c1o = 7.04 - 10? Pa, c¢13 = 11.91 - 10° Pa,
and c14 = —18.04 - 10° Pa.

Based on numerical integration, we studied the dependences of the normalized elements of the stiffness matrix

D =du/d),, D =dxn/dy,  Diy=diz/(r2d;) (3.4)
on the parameter o = arctan 7o € [0, 7/2] for different values of the parameter a = r1/ro. In Egs. (3.4),

™

2 2 20
dy =wE'(r; —r}), dyy = 5 (r3 — 7‘?)(&14 - 614) gy Cla 27t 0 (rir2)*(r2 = 11)

C11 C11 €11 — €12 r1+ T2
are the tensile and torsion stiffnesses, respectively, of the cylinder considered as a rod at a = 0.

Figure 1 shows the tensile stiffness D1 and the torsion stiffness Dy as functions of the parameter . The
dependence D/, () is plotted in Fig. 2. It follows from Figs. 1 and 2 that the greatest tensile stiffness is observed
for the values of the parameter « in the interval [45°,65°]; the greatest torsion stiffness is observed in the range
[10°,25°]. The torsion stiffness also has a minimum in the range of a [50°,65°].

It should be noted that, for any fixed value of a, there exists such a value @ = . (o # 0,7/2) at which
d12 changes its sign to the opposite one. At this value of « (as at a = 0,7/2), tension—compression of the cylinder
does not lead to its torsion; vice versa, torsion does not lead to longitudinal deformation.

This work was supported by the Russian Foundation for Basic Research (Grant No. 07-01-00254a).
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